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SELF-CONSISTENT VLASOV DESCRIPTION OF RELATIVISTIC
ELECTRON RING EQUILIBRIA
R. c. DAVIDSONt AND J. D. LAWSONt
Center for Theoretical Physics, Department of Physics and Astronomy, University of Maryland,
College Park, Maryland, USA
The general procedure for constructing self-consistent relativistic ring equilibria within the framework of the steady-
state (ajat = 0) Vlasov-Maxwell equations is discussed. The equilibrium properties are calculated for the specific
choice of electron distribution function/eO(H, Po) in which all of the electrons have the same value of total energy
(H) and the same value of canonical angular momentum (Po), i.e., IeO(H, Po) = No ~(H- Yo me2+eiPo) ~(Po- Po),
where No, Yo, (fto and Po are constants. The positive ions are assumed to provide a partially neutralizing back-
ground with density niO(r, z) = IneO(r, z), where 1= constant = fractional neutralization. For a thin ring, with
vjyo ~ 1 (v = Budker's parameter, and Yo me2 = electron energy), it is shown that the electron density and current
density are approximately constant in the ring interior, and that the envelope equation (the equation for the
boundary of the minor cross section of the ring) is the equation for an ellipse, p2 ja2 + Z2 jh2 = 1. Closed ex-
pressions are derived for a and b in terms of properties of the equilibrium distribution function and the external
confining field, and the temperature profile transverse to the beam is also calculated. Moreover, for a thin ring
with vjyo ~ 1, it is shown that the equilibrium distribution functionfeO(H,Po) = No~(H-yome2 +eio)~(Po-Po)
represents the well-known microcanonical distribution discussed by Kapchinskij and Vladimirskij, and Walsh.
1. INTRODUCTION
The properties of ring currents of relativistic
electrons, contained in a mirror or betatron field,
have been studied extensively in recent years in con-
nection with electron ring particle accelerators1- 8
and plasma confinement schemes such as Astron,9, 1 0
and in experiments that investigate the basic
properties of electrically nonneutral plasmas. 11,12
Theoretical calculations of the equilibrium and
stability properties of such systems have been
tackled from two different points of view. For
applications relevant to nonneutral plasma systems,
and plasma confinement schemes such as Astron,
equilibrium and stability analyses have been carried
out within the framework of the Vlasov-Maxwell
equations,13 - 17 whereas for electron ring accelera-
tors the traditional approach has been based on
single-particle orbit calculations which make use of
the concept of betatron oscillations about an
equilibrium orbit. 18 Equilibria appropriate to
electron ring accelerators possess the essential
simplifications that the ratio of minor dimensions
to major dimensions of the ring is small, and that
the transverse velocity is small in comparison with
the component of velocity in the direction of the
t Alfred P. Sloan Foundation Fellow, 1970-1972.
t On leave from Rutherford Laboratory, Chilton, Berk-
shire, England.
orbit, so that the transverse and longitudinal phase
spaces can be considered separately. Although
collective effects make very little difference to the
major radius of the ring in the regime of experi-
mental interest, they can be important in determin-
ing the minor dimensions of the ring (especially in
fields with little or no intrinsic axial focusing), and
also in determining the stability properties of the
ring.
The Vlasov-Maxwell equations19 provide a
natural framework for an analysis of the equili-
brium and stability properties of collisionless
charged particle systems (electrically neutral or
nonneutral) in which collective effects are important.
In view of recent theoretical progress in the Vlasov
description of plasma systems with large electric
and/or magnetic self fields, 13 - 17 ,20 - 22 in this paper
we show how to calculate the equilibrium properties
of relativistic toroidal current' distributions within
the framework of the steady-state (a/at = 0)
Vlasov-Maxwell equations, using techniques and
terminology which are well established in plasma
physics. We particularize to the limiting situation
appropriate to electron ring accelerators, in which
the ring is thin (i.e., the minor dimensions of the
ring are small in comparison with the major
dimensions) and v/Yo ~ 1 (v = Budker's para-
meter,2 and Yo mc2 = electron energy). The positive
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ions are assunled to form a partially neutralizing
background with density niO(r, z) =jneO(r, z), where
f = constant = fractional neutralization.
A brief description of the equilibrium con-
figuration and an outline of the general assumptions
are given in Sec. 2. In Sec. 3 the general procedure
for constructing self-consistent relativistic ring
equilibria within the framework of the steady-state
Vlasov-Maxwell equations is discussed. The
equilibrium properties are calculated for the
specific choice of electron distribution function
feo(H, Po) given by Eq. (19), in which all of the
electrons have the saIne value of total energy (H)
and the same value ofcanonical angular momentum
(Po). For a thin ring with v/Yo ~ 1, it is shown in
Sec. 4 that the electron density and current density
obtained from Eq. (19) are constant to leading
order in the ring interior, and that the envelope
equation (the equation for the boundary of the
minor cross section of the ring) is the equation for
an ellipse, p2 ja2 +Z2 jb2 = 1. Closed expressions
are derived for a and b in terms of properties of the
equilibrium distribution function and the external
confining field (Sec. 4), and the temperature profile
transverse to the beam is also calculated (Sec. 5).
For a thin ring with vjyo ~ 1, it is shown in Sec. 5
that the equilibrium distribution function given by
Eq. (19) represents the well-known microcanonical
distribution discussed by Kapchinskij and Vladi-
mirskij23 and Walsh.24
We reiterate that the Vlasov-Maxwell description
of relativistic electron rings is both general and
flexible, and forms a natural framework in which
stability problems can be tackled. In future work
it is intended to extend the equilibrium analysis to
include other distribution functions in addition to
Eq. (19) (see Eqs. (23) and (97)), and also to study
the stability of these ring equilibria within the
framework of the Vlasov-Maxwell equations. For
this reason the terminology and general features of
the procedure are elaborated in some detail in
subsequent sections.
2. EQUILIBRIUM RING CONFIGURATION
AND BASIC ASSUMPTIONS
The equilibrium configuration is illustrated in
Fig. 1. It consists of a relativistic electron ring




FIG. 1. Equilibrium configuration for relativistic
electron ring confined in mirror field.
mirror field B~xt. The mirror field acts to confine
the ring both axially and radially. The equilibrium
radius of the ring is denoted by Ro, and the minor
dimensions of the ring are denoted by 2a (radial
dimension) and 2b (axial dilnension).25 As shown
in Fig. 1, we introduce a cylindrical polar co-
ordinate systenl (r, 8, z) with z-axis along the axis
of symmetry and z = 0 coinci,ding with the mid-
plane; r is the radial distance from the z-axis, and
8 is the polar angle in a plane perpendicular to the
z-axis. The electrons. composing the ring gyrate
in the external field B~X\x) with azimuthal velocities
Vo in the positive 8-direction. The associated ring
current, which is in the negative f)-direction,
produces a self magnetic field BoS(x) which threads
the ring in the sense indicated in Fig. 1. This self
magnetic field acts as a focusing field which tends
to compress the minor dinlensions of the ring both
axially and radially.26 The electron ring is assumed
to be partially neutralized by a positive ion back-
ground. The excess electrons form a potential well
for the ions. The electrostatic forces on the
electrons, however, are repulsive. That is, the self
electric field EoS(x) acts as a defocusing field which
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Sec. 3. In Sec. 4, however, the 'thin ring' approxi-
mation is made explicitly, and (d) and (e) are
utilized to obtain a closed analytic expression for
the envelope (boundary surface) of the ring.
Assumptions (d) and (e), which are consistent with
parameters in existing ERA experiments, 3 - 6 assure
that the self fields are sufficiently weak that the
equilibrium ring radius Ro is equal, in a first
approximation, to the Larmor radius of a single
electron with energy Yo me2 •27 -29 For future
reference in Sec. 4, it is informative to rewrite the
inequality in Eq. (3) in a notation familiar in plasma
physics. For a thin ring with elliptical cross
section (minor dimensions equal to 2a and 2b), the
average electron density is fie°= Ne/2nRo nab. It
is straightforward to show that Eq. (3) can be
expressed in the equivalent form
v abwp 2
- =--- ~1 (4)
Yo 4 e2 yo
where wp2/1'0 = 4nne°e2/myo is the average electron
plasma frequency-squared in the laboratory frame.
Equation (4), and hence Eq. (3), are simply state-
ments that the minor dimensions of the ring are
small in comparison with the collisionless skin
depth e/wp Yo 1/2.
Central to a Vlasov-Maxwell description of
relativistic ring equilibria are the single particle
constants of the nlotion in the equilibrium fields.
For azimuthally symmetric equilibria [Fig. 1 and
Assumption (a)], we represent the external and self
magnetic fields by
tends to increase the minor dimensions of the
electron ring. 2 6
Although the external magnetic field B~xt(x) is
depicted as a mirror field in Fig. 1, it should be
pointed out that the present analysis is also
applicable if B~xt(x) corresponds to a uniform axial
field with B~X\x) = B oez , provided the self magnetic
field generated by the ring current is sufficiently
strong to confine the ring axially, and the assump-
tions enumerated below are not violated.
To make the theoretical analysis tractable, the
following simplifying assumptions are made in
describing the electron ring equilibrium by the
steady-state (%t = 0) Vlasov-Maxwell equations:
(a) Equilibrium quantities are azimuthally sym-
metric (0/o() = 0) about the z-axis. For example,
(8/o())cPo(x) = 0 where cPo(x) is the electrostatic
potential for the equilibrium self electric field
[EoS(x) = -VcPo(x)], and (%())leO(x, p) = 0 where
IeO(x, p) is the equilibrium distribution of electrons
in the phase space (x, p).
(b) The positive ions form a partially neutralizing
background. The equilibrium ion density niO(r, z)
and electron density neoCr, z) are assumed to be
related by
(1)
where I = constant = fractional neutralization. It
is further assumed that the ion current is equal to
zero in the laboratory frame.
(c) External boundaries are sufficiently far
removed from the electron ring that their influence
on the equilibrium configuration can be ignored.
(d) The minor dimensions of the ring are much
smaller than its major radius, i.e.,
B~xt(x) = V X A~xt(x),
where
(5)
a, b ~ Ro. (2)
where v is Budker's parameter,2 N e is the total
number of electrons in the ring, - e is the electron
charge, m is the electron rest mass, e is the speed of
light in vacuo, e2 /me2 = ro is the classical electron
radius, and Yo me2 is the characteristic energy of an
electron in the ring.
Assumptions (d) and (e) are not used in the
general Vlasov-Maxwell equilibrium analysis in
(e) It is further assumed that
v N e e2 1-=--·_·-~1
Yo 2nRo me2 Yo '
(3)
are the vector potentials, and eo is a unit vector in
the O-direction. Furthermore, the equilibrium self
electric field EoS(x) due to deviations from charge
neutrality in the ring is represented as
(7)
since Vx EoSex) = 0 under steady-state conditions.
For azimuthally symmetric equilibria with both r
and z dependence, there are two single-particle
constants of the motion. Namely, the total energy
H,
H = (m 2e4 +e2p2)1 / 2 - ecPo(r, z), (8)
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i.e.,
and the canonical angular momentumPo,
(16)4ne ° 0)= - ne (r, z)vo (r, z
c
where neoCr, z) is the local electron density,
neO(r, z) == f d3pJeO(H, Po)· (15)
Furthermore, the equilibrium Maxwell equation for
the self magnetic field,3°
V x BoS(x) = (4n/c)JoS(r, z)eo,
can be expressed as (see Eqs. (5) and (6))
a 1 a 82~--rAoS(r, z)+~AoS(r, z)
or rar oz
(10)p
v = m(l +p2/m2c2)1 /2·
In Eq. (9), Ao(r, z) is the O-conlponent of vector
potential for total magnetic field B~xt(x) + BoS(x),
Po = "[Po-~Ao(r, Z)]. (9)
are constants of the motion for each electron. In
Eqs. (8) and (9), lower case p denotes mechanical
momentum, and is related to the particle velocity
v by




In the spirit of equilibrium Vlasov theory, any
distribution function IeO(x, p) which is a function
only of the single-particle constants of the motion,
H and Po, satisfies the steady-state (a/at = 0)
Vlasov equation. 14 That is, any distribution of the
form
fd3PVrJeO(H,po)=O= fd3PVzfeO(H,po). (18)
Equation (18) follows since H = (m2c4 + c2Pr2 +
c2Pz2+c2po2)1/2-e¢0(r, z) is an even function of
radial and axial momentum variables, Pr and pz.
Equations (14)-(17) form the final equations for
describing relativistic electron ring equilibria within
the framework of the Vlasov-Maxwell equations.
The general procedure is to make a specific choice
for the functional form ofieO(H, Po), and determine
the corresponding electron density, neoCr, z), and
azimuthal flux of electrons, n'eoCr, z)vooCr, z), from
Eqs. (15) and (17). The potentials for the self
fields are then calculated self-consistently from
Eqs. (14) and (16). The analysis in thi~ regard is
not entirely straightforward. Since Hand P(J are
functions of 4>o(r, z) and Ao(r, z) (see Eqs. (8) and
where - eneoCr, z)vooCr, z) = JoS(r, z) is the azimuthal
current density carried by the ring, and VooCr, z) is
the azimuthal velocity of an electron fluid element.
(Keep in mind that the ions are taken to form a
stationary background in the present analysis.)
The azimuthal flux of electrons neO(r,z)vooCr, z),
which occurs in Eq. (16), is defined in terms of the
equilibrium distribution function!eo(H, Po) by
neO(r, z)voO(r, z) == f d3pvoJeO(H, PO)r;j (17)
where Vi == (pdm)(1 +p2/m2c2)-1 /2 (see Eq. (10)).
As a general remark we note that any choice of
equilibrium distribution.feO(H, Po) assures that the
radial and axial flux of electrons is zero, i.e.,
(12)
{ a (' VX[B~xt(X)+BoS(X)])v·--e EoS(x)+-------ax c
· ~ }feO(X, p) = 0 (13)
op
where v and p are related by Eq. (10). Equation (13)
is readily verified by direct calculation for distri-
butions of the form given in Eq. (12). For a specific
,choice of equilibrium distribution function, the
potentials for the self fields are to be calculated self-
consistentlv in terms ofIeO(H, Po) from the steady-
state Max~ell equations. The equilibrium Poisson
equation, V·EoS(x) = 4ne[n iO(r, z)-neO(r, z)], can
be expressed as (see Eq. (7) and Assumption (b)).
1 a a a2




where no is the electron density at (r, z) = (Ro, 0),
feO(H, Po) = {~: b(H-Ho), IPe-Po1< (J (23)
0, IPo - pol > (J
where 2(J measures the spread in canonical angular
momentum. The equilibria described by Eqs. (19)
and (23) have similar properties for (J2 ~ Po2 • In
general, however, the major radius and minor di-
mensions of the ring are influenced by the spread in
values of Po. It should be pointed out that a calcu-
lation of electron density neO(r, z) = Jd 3Pfeo(H, Po)
shows that both equilibria have 'sharp' (as opposed
to 'diffuse') spatial boundaries. That is, there are
no electrons outside of the ring region.
In the subsequent analysis attention is restricted
to the equilibrium distribution function prescribed
by Eq. (19). We first calculate the corresponding
electron density (Eq. (15)) and azimuthal flux of
electrons (Eq. (17)). Making use of the definitions
of H and Po (Eqs. (8) and (9)) and representing the
volume element in momentum space by Jd3p =
2n J~ P.L dp .LS::' 00 dpo (whereP.L2 == Pr2 +pz2), we find
neO(r, z) = no RO[l+ ebc{>o(\Z)] U[\}I(r, z)], (24)
r 'Yo me
the equilibrium distribution function is
neoCr, z)vooCr, z)
= no R o_1_[Po+eAo(r, Z)] U[\I'(r, z)]. (25)
r Yo m r e
In Eqs. (24) and (25), bePo(r, z) is the deviation in
electrostatic potential from its value at (r, z) =
(Ro,O),





where Yo, (fio, Po, and No are constants. Without
loss of generality we take CPo to be the value of
electrostatic potential at (r, z)= (Ro, 0), i.e.,
The physical significance of Yo in Eq. (19) is that
(Yo -1)mc2 is the kinetic energy of an electron as it
passes through the midplane at a radius Ro, i.e.,
as it passes through (r, z) = (Ro, 0) (see Fig. 1).
This follows from Eqs. (8) and (20) and the fact
that all of the electrons have the same energy
H = yomc2 -e(fio. The normalization factor No
in Eq. (19) is defined by
(9)), the charge density and current density in
Eqs. (14) and (16) are also functionals of <po(r, z)
and Ao(r, z) (see Eqs. (15) and (17)). Except for
certain simple choices of !e°(H, Po), Eqs. (14) and
(16) will generally be nonlinear equations for the
self-field potentials.
There is considerable latitude in the choice of
equilibrium distribution function Ieo(H, Po). As a
simple example which illustrates the essential
features of the equilibrium analysis, we consider
the idealized case where all of the electrons have
the same energy and same canonical angular
momentunl. 14,21,22 The equilibrium distribution
for this configuration can be represented as
(22) U(x) is the Heaviside step function,
In Eqs. (25) and (28a) it should be kept in mind that








and 'P(r, z) is the 'envelope function' defined by
(
e beP°(r, Z))2 1\}I(r, z) = 1+ --
Yo me2 Y0 2
1 (Po e )2
2 2 2 --+-Ao(r, z) .
Yo In ere
Although Eq. (19) is a highly idealized choice of
equilibrium distribution function, it should be
applicable to experimental configurations where
the spread in energy and canonical angular
momentum of electrons composing the ring is
negligibly small. We emphasize that there are
many possible choices of equilibrium distributions
!eaCH, Po), and that any choice should be guided by
what appears appropriate in a given experimental
situation. For example, if the ring electrons are
monoenergetic but have a spread in canonical
angular momentunl, then a possible candidate for
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Axis of Symmetry
-'II (r ,z) > 0 <Interior)
FIG. 2. Cross section of minor dimensions of ring
for the equilibrium distribution function given in
Eq. (19). Envelope equation for boundary is
'P(r, z) = 0 (Eqs. (28) and (29)).
mined from 'P(r, z) = 0, depends on the solution
for the self-field potentials (see Eq. (28a)).
For systems which are infinite in axial extent
(ojoz = 0) with radial components of B~xtand Bos
equal to zero, it should be noted that the equili-
brium distribution function, Eq. (19), corresponds
to an E-Iayer. In this case, the electron density
(Eq. (24)) and azimuthal flux of electrons (Eq. 25))
are nonzero in the infinite domaine - 00 < Z < 00,
R 1 < r < R2 , where the inner and outer radii, R 1
and R?" are determined from the envelope equation,
Eq. (29). For this configuration, exact analytic
expressions for the self-field potentials can be
obtained fronl Eqs. (14) and (16). Various limiting
cases have been discussed in the literature. For
example, Davidson and Krall have considered the
equilibrium properties of an unneutralized (f = 0),
nonrelativistic, nondiamagnetic E-Iayer, making use
of the equilibrium distribution function Eq. (19).14
As a further example, Marx has considered the case
of a neutralized (f = 1), relativistic, diamagnetic
E-Iayer. 16
For the case of a relativistic electron ring con-
fined axially by external and/or self-magnetic fields,
the most extensive theoretical analysis (excluding
the present article) for the equilibrium distribution
Eq. (19) has been carried out by Ott and Sudan21
and by Ott22 in the thin ring approximation. Their
calculation of the self-fields, however, is compli-
cated by the fact that v/Yo (Eq. (3)) is kept arbitrary
in the analysis. For v/Yo ~ 1, there can be signifi-
cant spatial variations in electron density (Eq. (24))
and azimuthal flux of electrons (Eq. (25)) across the
minor dimensions of the ring. In the region of
interest for ERA experiments,3-8 however, vjyo ~
0.01. In this case the variations in the self-field
potentials across the minor dimensions of the ring
are negligibly small, in a first approximation, and
the electron density and current density are approxi-
mately constant in the ring interior (\P(r, z) ~ 0].
This, of course, leads to significant simplifications
in the theoretical analysis in a parameter regime
which is of considerable interest experimentally.
4. RELATIVISTIC THIN RING WITH
v/Yo ~ 1
In this section we consider equilibrium properties
of the distribution function Eq. (19), in circum-
(29)
p =r- Ro





'P(r, z) = 0.
~--RO--~
of vector potential for total (external plus self)
magnetic field. Apart from a constant multiplying
factor, it is readily verified that 'P(r, z) is equal to
the transverse momentunl-squared of an electron
with total energy H = Yo mc2 - eiPo, and canonical
angular momentum Po = Po (see Eq. (19)), i.e.,
'P(r, z) = P1.:(r~ z~ ' (28b)
'Yo m c
wherep1.2 =. Pr2+pz2. From Eq. (28b) it is clear
that particle motion in the region of configuration
space where 'P(r, z) < °is forbidden; hence the
electron density is zero in this region (Eq. (24)).
The electron density is nonzero in the region of
configuration space where \lI(r, z) > 0, which corre-
sponds to the ring interior. The boundary curve
which separates the regions of zero and nonzero
electron density satisfies
Equation (29) is known as the 'envelope equation',
and determines the r-z boundary curve for the
minor cross section of the ring (see Fig. 2). Physi-
cally, since \P(r, z) = °corresponds to P.1-(r, z) = 0,
Eq. (29) determines the locus of turning points for
the transverse (r-z) motion of the electrons.
Evidently, a determination of the self-field
potentials, <po(r, z) and AoS(r, z), from Eqs. (14),
(16), (24) and (25) is, in general, a difficult problem.
First, the charge density and azimuthal current
density depend explicitly on the self-field potentials
(see Eqs. (24) and 25)). In addition, the boundary-
value problem is further complicated by the fact






o( 0) _ 1 [Po eAo(Ro, O)JV(J Ro, -- -+ .
'Yo m Ro e
In Eqs. (31) and (32), no and V(JO(Ro, 0) are the
values of electron density and azimuthal fluid
velocity in the nlidplane (z = 0) at the equilibrium
radius r = Ro. [For the equilibrium distribution
function given by Eq. (19), we leave it as an exercise
for the reader to verify that V(JO(Ro, 0) also corre-
sponds to the azimuthal velocity of a single electron
as it passes through (r, z) = (Ro, 0).] In the thin
ring, small vlyo approximations, corrections to the
constant density and constant flux profiles given
in Eqs. (31) and (32) are of the order alRo' bIRo,
vlyo ~ 1. The simplifications provided by Eqs. (31)
and (32) are evident. Defining,
fJe == veO(Ro, 0) = _l_[Po+eAo(Ro, O)J,
e 'Yo nle Ro e
and substituting Eqs. (31) and (32) into Maxwell's
equations for the self-field potentials (Eqs. (14) and
(16)), we find
neO(r, .0) = 110 U ['P(r, z)], (31)




e i5cPo(r'2z) I~ 1,
'Yo me
and IebAoS(r, z) II ~ IPo +eAo(Ro, 0) I
c !Ro c
in the ring interior ['P(r, z) ~ 0], where bAoS(r, z) ==
AoS(r, z) - AoS(Ro, 0). Within the context of Eq.
(30), it is clear for Eqs. (24) and (25) that the'
electron density and azimuthal flux of electrons
(for the case of a thin ring) can be expressed in the
approximate forms
stances where the ring is thin, a, b ~ Ro (see Fig. 1
and Assumption (d)), and vlyo ~ 1 (see Assumption
(e)). For v/1'o ~ 1, it can be shown a posteriori that
II f21t r'cPo(r, z) = -(l-f)noe dr'dz' dO' I 2 ,2 ( ')2 2" 0' \1/2,o r + r + Z - Z - 1r cos
\{J(r', z') ~ 0
(36)
and
A S(r z) = -en p IIdr' dz'f21t dO' -=---= r,_c_o~s-()'---__;__:__:__=_
o , 0 (J 0 I r2+r,2+(z-z,)2-2rr' cos()' 11 / 2 '
\{J(r', z') ~ 0
(37)
where the envelope function \fer, z) is defined in
Eq. (28). If the explicit form of the envelope
equation, \fer, z) = 0, is known, then the inte-
grations in Eqs. (36) and (37) can, in principle, be
carried out to give closed expressions for ¢o(r, .0)
and AoS(r, z).
We now obtain a closed expression for the
envelope equation in the thin ring approximation.
For this purpose it is useful to remind the reader
that the radial and axial components of total
magnetic field are related to Ao(r, z) (see Eqs. (5)
and (6)) by
o
Bor(r, z) = - oz Ao(r, z), (38)
o Ao(r, z)
Boz(r, z) = ~Ao(r, z)+---. (39)
ur r
Furthermore, the radial and axial components of
self-electric field are related to b¢o(r, z) (see Eq. (7))
by
oE~r(r, z) = --;::-b¢o(r, z), (40)
or
oE~z(r, z) = - oz b¢o(r, z). (41)
The notation in Eqs. (38)-(41) is such that Bo(x) =
Bor(r, z)er+Boz(r, z)cz and EoS(x) = E~r(r, z)er +
E~z(r, z)ez, where er and ez are unit vectors in the
radial and axial directions. In addition, it is useful
to define
Po = (1-1/1'0 2)1/2. (42)
From the discussion immediately following Eq. (20),
we note that Po c is equal to the total speed of an
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Orbit of
Single Electron
ring cross section, and Taylor expand the envelope
function \}J(r, z) (Eq. (28)) about (r, z) = (Ro, 0) for
Z2, p2 ~ Ro2 • Neglecting terms higher than
quadratic order, Eq. (29) can be expressed as




+Pz[aa2a 'P(r, Z)]r Z Ro,O
p2[ a2 ]+- a----Z \}I(r, z)
2 r Ro,O
+z;[::2'P(r, Z)lo,o+... (44)
By the symmetry of the equilibrium configuration





electron as it passes through the midplane at a
radius Ro, i.e., as it passes through (r, z) = (Ro, 0).
For the equilibrium distribution function given in
Eq. (19), the electrons have 'crossing orbits', i.e.,
motion in the transverse rand z directions, as well
as in the O-direction. Therefore, the two speeds
Po c (Eq. (42)) and /38 c (Eq. (35)) are generally
different (see Fig. 3). For the equilibrium to
f3o~C _
measured relative to the geometric center of the
FIG. 3. Orbit of single electron in relativistic
electron ring (top view) for equilibrium distribution
function given in Eq. (19).
physically correspond to a ring we require /302> /382
(which places a restriction on Yo and 'Po). In fact,
the subsequent analysis shows that the minor
dimensions of the ring are proportional to
(Po 2 - Po2)1/2.
In the thin ring approximation, the procedure
for obtaining a closed expression for the envelope
equation (Eq. (29)) is straightforward, and can be






'P(r, Z)] = O. (47)
r z Ro,O
Therefore the terms proportional to z and pz in
Eq. (44) are identically zero. We further impose
the requirement that
[aD'P(r, Z)] = 0r Ro,O
and
Bor(r, 0) = 0 = E~z(r, 0) (45)
at any radial location in the midplane. It follows
from Eqs. (28), (38), (40) and (45), that
[aO 'P(r, Z)] = 0, (46)z Ro,O
which assures that the term linear in p is absent in
Eq. (44). Equation (48) effectively determines the
equilibrium radius Ro which corresponds to the
geometric center of the beam. Making use of the
definition of \}I(r, z) given in Eq. (28), we find that
Eq. (48) can be expressed as
2e [a 0] 2o= --2 -8 b¢ (r, z) - 2 2 2
Yo me r Ro,O Yo m e
[ Po e ]· -+-Ao(r,z)
r e Ro,O
[
Po e 8 ]
· -2+--8 Ao(r, z) .




1=2 + 2 (Envelope Equation





FIG. 4. Cross section of ring equilibrium for
Q, b ~ R o, and vjyo ~ 1. Envelope equation for
boundary is 1 = p2ja2 + z2jb2 (Eqs. (52)-(54).
introduce the radial coordinate
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We further eliminate Po, [8Ao(r, z)/8r]Ro,0, and
[8£5¢o(r, z)/8r]Ro,0 from Eq. (49), making use of
Eqs. (35), (39) and (40). Equation (49) reduces to
From Eq. (28) it follows that
1 1
'P(Ro, 0) = 1--2 - 2 2 2Yo Yo m c
[Po e J2· -+-Ao(Ro, O) ·Ro c (55)
where /30 is defined in Eq. (35). Equation (50) is
totally equivalent to Eq. (48) and effectively
determines the equilibrium radius Ro (in terms of
other equilibrium parameters) which corresponds
to the geometric center of the ring cross section.
Physically Eq. (50) is a statement of radial force
balance on an electron fluid element located at
(r, z) = (Ro, 0).
Within the context of Eqs. (46), (47) and (48)
(i.e., Eq. (50)), the envelope equation (44) reduces
to
(51)
which is the equation for an ellipse centered at
(p, z) = (0, 0). In terms of the dimensions of the
ellipse, 2a and 2b (see Fig. 4), Eq. (51) can be
expressed in the equivalent form
From the definition of /30 (Eq. (42)) and /30 (Eq. (35)),
Eq. (55) reduces to
'P(Ro, 0) = /302- /302• (56)
Furthermore, it can be shown from Eq. (28) that
[ 1 82 J2. or2 'P(r, z) Ro.O
e [0 2 J= --2 -;-2£5¢O(r, z)
Yo mc ur Ro,O
e
2 [0 J2+ 2 2 4 ~£5¢O(r, z)
Yo m c ul" Ro,O
1 [Po e J
- 2 2 2 -+-Ao(Ro, O)







1 [Po e 8 J2
- 2 22 -2+--;-Ao(r,z) ,(57)Yo m c 1" CuI'" Ro,O
Equation (52) states that for a thin ring the envelope
equation for the ring cross section is, in leading
order, the equation for an ellipse. The dimensions
2a and 2b of the ellipse are determined from
properties of the envelope function 'P(r, z) (Eq. (28))
and its derivatives evaluated at (r, z) = (Ro, 0) (see
Eqs. (53) and (54)).
We now evaluate the coefficients in Eq. (51).
where Po/Ro+eAo(Ro, O)/c = yomcf3(J (Eq. (35)). In
obtaining Eq. (58), use has been made of the re-
lations [o£5¢o(r, Z)/OZ]Ro,O = -E~z(Ro, 0) = 0, and
[oAo(r, Z)/OZ]Ro,O = -Bor(Ro, 0) = 0, which are
consequences of axial symmetry.
After some straightforward algebra, which is
summarized in Appendix A, Eqs. (57) and (58) can
where
and
1 [ 1 8
2
]2: == - 2 'P(r, z)
a 2'P(r, z) or Ro,O
1 [ 1 a
2






1 a2 ]~-2 'P(r, z)
20z Ro,O
e [02 ]= ---2 -2£5¢0(r, z)
Yo mc oz Ro,O
1 [Po e ]2 2 2 - +-Ao(Ro, 0)Yo m c Ro c
[
e a2 ]
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(59)
(66)
Equation (65), which is a refreshingly simple result,
is the equation for an ellipse, p2{a2+Z2Jb2 = 1 (see
Eqs. (52)-(54)), with a and b determined from
where p == r - Ro, and the range of applicability of
Eqs. (63) and (64) is restricted to the region
\fer, z) ~ 0, i.e., p2Ja2+Z2Jb2 ~ 1 (see Eq. (52)).
Corrections to Eqs. (63) and (64) are of order aJRo
and bJRo. The self-field potentials given in Eqs. (63)
and (64) are clearly parabolic in the ring interior
with minima at (p, z) = (0, 0), as would be expected
in the limit afRo, bJRo~0.31 We emphasize that
the inequalities in Eq. (30) are essential to the
validity of the analysis in Sec. 4, and leave it as an
exercise for the reader to verify that the self-field
potentials given in Eqs. (63) and (64) indeed satisfy
Eq. (30) in the ring interior, provided vJ1'o ~ 1 (see
Appendix A).
Combining Eqs. (56), (59) and (60), we find that
the envelope equation (51) for the ring cross section
can be expressed as
Equations (65)-(67) exhibit several interesting
features of the equilibrium. In the discussion which
follows we assume that the net coefficients of p2 and
Z2 in Eq. (65) are positive and of order unity.
(61)
(62)




a 1 2 J
· a+bYo!3/(!3e +/-1) , (60)
where Po is defined in Eq. (35), OJp 2J1'o = 4nnoe2Jm1'o
is the electron plasma frequency-squared in the
laboratory frame, and n is the external field index
at (r, z) = (Ro, 0), i.e.,
[ r D ext( )Jn = - B ext( -)-0B oz r, z ·Oz r, z r Ro,O
In obtaining Eqs. (59) and (60), explicit use has
been made of the thin ring, small vJ1'o assumptions
(Eqs. (2) and (3)). Since the self fields are weak for
vJ1'o ~ 1, terms in Eqs. (50), (57) and (58) which
are directly proportional to E~r(Ro, 0) and B~z(Ro, 0)
have been consistently neglected (see Appendix A).
For example, in Eq. (50) E~r(Ro, 0) and B~z(Ro, 0)
are neglected in comparison with B~;(Ro, 0), and
the radial force equation reduces to
'" m/3 c2
,0 0 = Bext(R 0)R
o
e Oz 0' •
be expressed in the approximate forms
Terms in Eqs. (57) and (58) which are proportional
to gradients of the self fields, however, are retained
in the analysis, e.g., [aB~z(r, z)/or]Ro,O and
[oEor(r, z)Jor]Ro,O' Furthermore, in obtaining
Eqs. (59) and (60) use has been made of the thin
ring assumption (Eq. (2)) to approximate the self-
field potentials in the ring interior by (see Eqs. (36)
and (37))
2nnoebcPo(r, z) = --b(1-f)(bp2+ az2), (63)
a+
e5Ao'(r, z) = 2nnoete (bp 2 +az2 ), (64)
a+
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First, we note that the envelope equation (65)
physically corresponds to an ellipse only if
which is consistent with the discussion immediately
following Eq. (42).
Secondly, it follows from Eqs. (66) and (67) that
the ring is thin (a ~ R o, and b ~ R o) only if






I 1 f30 [ 2R0 2 K J




2 [I.1P KJR/ = Ro2 = 4 /30 +2 '
which requires ~PjPo > -Kj2.
1 1 f30 [ 2Ro2K J
b2 = 2Ro2 11/3 n - b(a+b) ,
where ~P == Po - Po. In obtaining Eqs. (76) and
(77) we have approximated Po 2 - Po2 ~2Po(Po -Po)
(see Eq. (69)). Equations (76) and (77) are, in
general, coupled quadratic equations for a and b.
As an example which permits analytic solution we
take the external field index n = 1-. In this case the
ring cross section is circular (a = b) with
where v is Budker's parameter (Eq. (3)). Further-
more, we introduce the self-field perveance26 ,32 K
defined by
2v 1 2 ( )K = -l(l-f-Po ). 75
Yo [30
Note that K < 0 whenever Po2 > 1-f Making use
of Eqs. (74) and (75), it is readily shown that
Eqs. (66) and (67) (which determine a and b) can
be expressed as
The requirement that vjyo ~ 1 can be expressed as
(see Eq. (4))
2'- = ( ab2)0)/ R2~ ~ 1, (73)
Yo 4Ro )'0 e
which is obviously compatible with Eq. (72) since
a, b ~ Ro.
Finally, one of the most important consequences
of Eqs. (65)-(67) is that the minor dimensions of
the ring, 2a and 2b, are determined self-consistently
in terms of the other equilibrium parameters, Po,
Po, n, etc. For a fixed number of electrons N e in
the ring, OJp2 is proportional to (ab) -1. Therefore,
in order to extract all factors which depend
explicitly on a and b in the self-field terms in
Eqs. (65)-(67), it is useful to rewrite the factor
OJp







In deriving the envelope equation (65), the self
fields have been assumed weak in the sense that
vjyo ~ 1 (see Eqs. (3), (4), (30), (A.5) and (A.6)).
These inequalities, however, do not exclude circum-
stances where Eq. (71) is satisfied. For example,
iff = 1, then Eq. (71) reduces to
OJ 2 R 2 b
p 0 --""1
yoe2 a+b"" .
Equation (70) is the familiar condition that magnetic
pinching forces exceed electrostatic repulsive forces,
for the equilibrium ion and electron distributions
prescribed by Eqs. (1) and (19). We emphasize
that Eq. (65) is valid even if the self':field contri-
butions in the envelope equation are of order unity
or larger, e.g., if
OJ p
2 R 0 2 b 1 2
2 -b-P2(f30 +1-1) ~ 1. (71)
e a + Yo 0
For the equilibrium distribution function prescribed
by Eq. (19), we remind the reader that Po c is the
total speed of an electron as it passes through
(r, z) = (Ro, 0). Equation (69) is simply a require-
ment that Po c be 'closely tuned' to Po c, which is
the azimuthal speed of a single electron in a Larmor
orbit with equilibrium radius Ro (see Eq. (62)). If
Po sufficiently exceeds Po that the inequality in
Eq. (69) is violated, then the transverse (r, z)
excursions of electrons composing the ring are
sufficiently large that the minor dimensions of the
ring are no longer small in comparison with Ro•
Thirdly, we note from Eqs. (65)-(67) that the
self-field contributions [terms proportional to
(P02 +f-l)] are in the direction of focusing the
beam, i.e., decreasing a2 and b2 , only if
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5. TRANSVERSE TEMPERATURE
again a well-known result.
We emphasize the importance of Eqs. (76) and
(77). If ~PIPo, R o, nand K are specified, the
Eqs. (76) and (77) uniquely determine the minor
dimensions of the ring, 2a and 2b, for the equili-




Prr(r, z) = Pzz(r, z) == per, z), (84)
( '" ) - 1 Jd3 (p/ +p/) p O(H P)PI,Z ="2 Pm(1+p2jm2c2)1/2Je '0'
The off-diagonal transverse stresses are identically
zero,
= fd3PVrPzfeO(H, Po) =:0. (86)
Therefore, it follows from Eqs. (84) and (86) that
we can define an effective transverse 'temperature'
Tl-(r, z) for the electrons by the relation Per, z) =
neoCr, z)Tl-(r, z). This gives
T.l(r, z)
1 fd3 (Pr2 +p/) I' 0(11 P)
2". P m(l +p2/m 2c2)1 /2 Je '0
fd3PfeO(H, Po)
Substituting in the explicit form for IeO(H, Po) given
in Eq. (19), we find that Tl-(r, z) can be expressed
in the form
motion in the O-direction is 'cold'. 34 Since there
is no nlean motion in the rand z directions (see
Eq. (18)), Prr(r, z) and Pzz(r, z) are defined by
Prr(r, z) =: f d 3pvrp,JeO(H, Po), (82)
PzzCr, z) =: f d3pvz pzfeO(H, Po), (83)
where Vi == (pdm)(1 +p2Im2c2)-1 /2 (see Eq. (10).)
Since Ieo(H, Po) depends on Pr and pz only through




R o [ 2R0
2
K J1/ 2QR = -;;IY. = 1-11- a(a+b) ,
which is a familiar result in the theory of particle
accelerators. 33 Since all electrons with orbits
passing through the equilibrium orbit (Ro, 0) have
the same energy and mechanical angular momentum
at the point where the orbits intersect, the trans-
verse momentum must also be the same for such
electrons. An electron moving in the z-direction
therefore makes an angle li with the z = 0 plane;
the axial Q value, QA' follows from Eq. (77),
R o [ 2R0 2 K J1/ 2QA = blY. = 11- b(a+b) ,
Equations (76) and (77) are familiar, in slightly
different form, in the theory of particle accelerators.
With the assumption that ~P ~ Po, it is evident
from Fig. 3 that an electron in the z = 0 plane
crosses the axis at an angle
li = cos -1 (PolPo) ~ cos- 1 (1 - ~PIPo)
~ (2~PIPO)1 /2. (79)
Such an electron moves in a betatron field (Eq. (61))
in the presence of magnetic and electric self fields,
both of which increase linearly from the equilibrium
orbit Ro (Eqs. (63) and (64)). Under these circum-
stances QR' the ratio of radial betatron frequency
to orbital frequency, is readily determined from the
geometry of the sinusoidal oscillation and Eq. (76)
to be
Once the form of the equilibrium distribution
function Ieo(H, Po) is specified, all equilibrium
properties of the ring can, in principle, be calculated
self-consistently. In this section we calculate the
transverse elements, Prr(r, z) and Pzz(r, z), of the
thermal stress tensor for the equilibriunl distri-
bution function prescribed by Eq. (19). Because
of the b(Po-Po) factor in Eq. (19), the electron
Yo Inc2/2
T.l(r, z) = ~~ (. ) \}l(r, z) (88)
1+ eu% 1 ,z
yo mc2
where 'P(r, z) is the envelope function defined in
Eq. (28).
Equation (88) is exact within the context of
Eq. (19). That is, no thin ring or small vJyo
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(92)
approximations have been made in deriving Eq.
(88). It is clear from Eq. (88) that T1-(r, z) is a
maximum somewhere in the ring interior (where
'P(r, z) > 0), and identically zero at the boundary
(where 'P(r, z) = 0). The temperature at the ring
boundary is expected to be zero since the boundary
is 'sharp' for the equilibrium distribution given in
Eq. (19), and particles are not making excursions
into the region where 'P(r, z) < O.
The temperature profile in Eq. (88) assumes a
simple parabolic form in the thin ring, small v/Yo
approximations. First we approximate
hyperellipsoid defined by
p2 Z2 1 (a 2Pr2 b2pz 2)
-+-+ --+-- = 1
a
2 b2 Po 2 Yo 2 In2c2 BR2 BA2 .
The radial and axial mechanical momenta have
been normalized in terms of the radial and axial
emittances, BR and BA • We represent the angle that
the particle trajectories make with the beam axis
by ex = P1-o/Yo rnpo c, where P1- 0 is the transverse
momentum of a particle as it passes through
(p, z) = (0, 0). The emittances, BR and BA, can be
expressed in terms of ex as
It may be verified that any projection of the
hyperellipsoid on a plane gives a uniform distri-
bution of points bounded by an ellipse. If the
transverse momentum is expressed in ternlS of the
angle that the trajectory makes with the beam axis,
then nBR and nBA represent the areas of the elliptical
projections of the distributions on the (p, p') and
(z, z') planes respectively, where p' == Pr/Yo rnpo c
and z' == pz/Yo rnoc. From Eqs. (80) and (81) we
find
ex = aQR/Ro = hQA/Ro. (94)
Combining Eqs. (93) and (94) then gives
BR = QR a2/Ro, BA = QA h2/Ro. (95)
It is interesting to relate the emittance to the
temperature on the equilibrium orbit [T1-]max.
Combining Eqs. (79), (91) and (93) we find
[T1-Jmax = PoYo me2L1f3 = 1Yo mf302 e2eR 2/a 2. (96)
Ie b<Po(r, z)/Yo mc21 ~ 1
(Eq. (30)), and write
'P(r, z) ~ (Po 2- Po2)(1- p2/a2- z2/h2)
(see Sec. 4). Equation (88) can then be expressed
to good accuracy as
Ti(r, z) = t10 mc2(P0 2 - P/{l-::-;:J (89)
where p == r- Ro. Since for a thin ring Po is close
to f30 (Eq. (69)), we approximate Po+Po ~ 2Po,
and Eq. (89) reduces to
(90)
where L1P = Po - Po. It is clear from Eq. (90) that
T1-(r, z) is identically zero on the boundary




at (p, z) = (0, 0).
The configuration studied in this paper will be
recognized as an electron beam with the 'micro-
canonical' distribution of betatron oscillation
amplitudes described by Kapchinskij and Vladi-
mirskij23 and Walsh.24 In such a distribution the
electrons move in a transverse potential well all
with the same transverse energy, and the spatial
density distribution is uniform.23 Representing
the transverse coordinates and mechanical momenta
of the particles at a cross section of the beam as
points in phase space, they occupy uniformly the
three-dimensional surface of a four-dimensional
In this paper we have discussed the general
procedure for constructing self-consistent relativistic
ring equilibria within the framework of the steady-
state (a/at = 0) Vlasov-Maxwell equations (Sec. 3).
Furthermore, the equilibrium properties of a
relativistic electron ring have been calculated for
the specific choice of electron distribution function
(Eq~ (19)) in which all of the electrons have the
same value of total energy (H) and same value of
canonical angular momentum (Po) (Secs. 3-5). It is
found that the Vlasov equilibrium analysis is
straightforward in the regime of experimental
interest for electron ring accelerators, i.e., for a thin
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fe(x, p, t) =feO(H, Po) +Jfe(x, p, t),
E(x, t) = EoSex) + (jE(x, t), (98)
B(x, t) = B~xt(x)+BoSex) +bB(x, t).
where the constant E9 measures the spread in
energy. Both equilibrium distributions given in
Eqs. (23) and (97) are currently under investigation
and will be discussed in a future article. An
interesting feature of the equilibrium distribution
given in Eq. (97) is that the ring boundary is
'diffuse', as opposed to 'sharp' (which is the case for
Eqs. (19) and (23)).
One of the most important research areas in
which a Vlasov-Maxwell description of relativistic
electron rings can be of considerable value is in the
study of collective instabilities. In this regard, the
procedure is to linearize the time-dependent
Vlasov-Maxwell equations about the equilibrium
.leO(H, Po) and examine the time development of
(initially) small-amplitude perturbations. We divide
nonequilibrium quantities into equilibrium plus
perturbed parts
ring with v/Yo ~ 1; moreover, it is found that the
equilibrium described by Eq. (19) represents the well-
known microcanonical distributions of Kapchinskij
and Vladimirskij23 and Walsh24 (Sec. 5). Although
the majority of the analysis presented in Sees. 3-5
has dealt with properties of the equilibrium distri-
bution function prescribed by Eq. (19), we empha-
size that many of the basic concepts and techniques
can also be applied to other equilibrium distri-
butions IeO(H, Po). (Keep in mind that there is
tremendous latitude in choice of equilibrium
distributions Ieo(H, Po) which satisfy the steady-
state Vlasov equation.) From a practical point of
view it is important to analyze the properties of
equilibrium distribution functions which incor-
porate a spread in values of Po and/or H. Equation
(23) serves as an example of. a distribution of
particles which all have the same energy but a
spread in values of Po. An example of an equili-
brium distribution in which all of the particles have
the same canonical angular momentum but a spread
in values of H is given by
(102)
~ c5E(x, t)-4nefd3PVbfe(X, p, t)
ot
= cV x bB(x, t), (101)
V· bB(x, t) = 0,
V' c5E(x, t) = -4ne f d3pc5flx, p, t). (103)
If, for a given choice of leO(H, Po), the per-
turbations grow with time, the equilibrium distri-
bution IeO(H, Po) is unstable. If the perturbations
damp with time, the system returns to its equili-
brium state, and the equilibrium distribution
Lfeo(H, Po) is stable. Whether or not there is
instability will, in general, depend on the specific
functional form of IeO(H, Po). If the effects of ion
dynamics are incorporated in the analysis, Eqs.
(99)-(103) must, of course, be appropriately
generalized.
In conclusion, it is important to note that the
Vlasov-Maxwell formalism also provides a natural
framework for describing the equilibrium (and
stability) properties of the positive ion background.
The assumption that the ion density profile satisfies
niO(r, z) = fn eoCr, z) (Eq. (1)) is highly idealized and
probably not satisfied in most applications of
interest. The construction of self-consistent Vlasov
equilibria for the ion background proceeds in the
following manner. Insofar as the ion dynamics are
a
at l5B(x, t) = - cV x bE(x, t), (100)
= e(c5E(X, t)+ vxc5B(x, t)).~ feO(H, Po) (99)
c cp
where v and p are related by Eq. (10). The per-
turbed fields, bE(x, t) and bB(x, t), are determined
self-consistently in terms of ble(x, p, t) from
Maxwell's equations,
For small-amplitude perturbations, bfe(x, p, t)
evolves according to the linearized Vlasov equation
e bfe(x, p, t)
{8 8 (E S() VX[B~X\X)+BoS(X)J).a}-+v·~-e ° x + . e-at ox c ap
(97)
leO(H, Po) = const. x b(Po-Po)
·exp {-(H-yomc2 +e¢o)/E9}
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that the electrostatic potential 4>o(r, z) must be
calculated self-consistently using the ion density
computed from liO(H). That is, Eq. (14) is
replaced by
1 j) a (}2
- -;;- r-;- 10(r, z) +-;;z 10(r, z)
rvr vr vZ
nonrelativistic, the single-particle constants of the
motion for the ions- are
where mi and +e are the ion mass and charge,
respectively (single ionization is assumed). If there
is no mean azimuthal motion of the ions, then the
equilibrium ion distribution function, IiO(x, p),
depend on energy H, but not on canonical angular
momentum Po, i.e.,
= 4neneO(r, z)-4nefd 3pft(H),





Within the context of the equilibrium Vlasov-
Maxwell description, there is considerable latitude
in the choice of liO(H). A possible choice is a
Gibbs distribution in energy, i.e.,
finCH) =. fna )3/2 exp{e<po} exp { - H}, (107)(2nln i EB i EB i EB i
where <Po == 4>o(Ro, 0), no == neO(Ro, 0), and EB i and
f are positive constants. The ion density profile
niO(r, z) can be determined directly from Eq. (107),
with the result
niner, z) ==fd 3pfiO(H)
.( {e b¢o(r, z)}
=JnOexp - ,(108)EB i
where b¢o(r, z) == 4>o(r, z) - <Po, and f < 1 is as-
sumed. For the choice of equilibrium distribution
functions in Eqs. (19) and (107), we note from
Eqs. (24) and (108) that niO(r, z) = fneO(r, z) is not
satisfied, except at (r, z) = (Ro, 0). Rather, the ion
density exhibits an exponential dependence on
-eb¢o(r, z)/EB i. Since f < 1, b¢o(r, z) increases
away from (r, z) = (Ro, 0), and it follows from
Eq. (108) that the ion density becomes exponentially
small once e b¢o(r, z) is several times the ion
temperature EB i.
If the ions are described by an equilibrium distri-
bution function fiO(H), then the procedure for
calculating the equilibrium properties of the electron
ring from!e°(H, Po) remains essentially the same as
that described in Sees. 3-5. The only difference is
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APPENDIX A
Derivation 0.[ the Envelope Equation Coefficients
In this section we show that Eqs. (57) and (58)
reduce to Eqs. (59) and (60) in the thin ring, small
v/Yo approximations (Eqs. (2) and (3)). First, to
write Eq. (57) exclusively in terms offield quantities,
we eliminate (0 2Ao(r, z)/or2 )Ro,0 by means of the
identity (see Eq. (39))
[ ~22 Ao(r, z)]vr Ro,O
_ [ a ( ) 2Ao(r, z) Boz(r, Z)]_ .
- -;- Boz r, Z + 2
vr r r Ro,O
(A.1)
In addition, use is made of the definition of Po
(Eq. (35)), and the combination
2Po ~A (R 0) =2Yo mc{3o
R 3 + R 2 ° 0' R 2° Coo
is eliminated from the third term in Eq. (57) by
means of the radial force Eq. (50). Furthermore,
the final term in Eq. (57) is expressed directly in
terms of [0 b¢O(r, z)/orJio,o by means- of Eq. (49).
Dividing the z-component of magnetic field into its
external plus self-field contributions, Eq. (57) can





proportional to E~r(Ro, 0) and Btz(Ro, 0). More-
over, consistent with the small vlyo assumption, is
the neglect of Etr(Ro, 0) and B~z(Ro, 0) in compari-
son with B~~\Ro, 0) in the radial force Eq. (50).
Equation (50) then reduces to
'" lnf3 c2
,0 0 = Bext(R 0)R
o
e Oz 0' ,






[3 2{ R 2 eo , 0
= - R
o
2 n -r y-0-P-0-2-m-c-Z
.[~ E~i1',z)-f3IJ: B~,(1',Z)] }. (A.10)
oz vZ Ro,O
Equations (A.8) and (A.IO) are identical to Eqs.
(A.3) and (A.4) with E~r(Ro, 0) and B~z(Ro, 0)
approximated by zero.
To the degree of accuracy required here, we
calculate to leading order the self-field gradient
contributions in Eqs. (A.8) and (A. 10), treating
alRo and biRo as negligibly small. In this approxi-
mation, the solutions for the self-field potentials in




P02 { R o2 e
= - Ro2 1-n+Yo f3/ me2
.[~ E~,(1',Z)+f3lJaO.B~i1',z)] } (A.8)
or 1 Ro,O
where n is the external field index at (r, z) = (Ro, 0),
n == -[Bext~. ) aOB"c;;(1', z)] . (A.9)
OZ J, Z I" Ro,O
Similarly, the envelope equation coefficient defined
in Eq. (A.4) can be expressed as





= ~[~ E~r(1', z)+ 2E~,(1', z)]
'Yo Inc or r Ro,O
e
2
[ 1 ]+ yo2m2e4 1-13/ [E~,(1', z)]io,o
- ef3lJ 2[~B~i1" z)+ B~z<r, z)]
Yo Inc or r Ro,O
efJ [ iJ Bext(r z)]
___0_
2
-;-B~;(r, z)+ Oz ,. • (A.3)
Yo mc vI" I" Ro,O





2. OZ2 'l'(1', z) Ro,O
e [8 ]= ---2 -E~z(r, z)
Yo Inc iJz Ro,O
epo [iJ ]+--.-2 aB~r(r, z)
Yo HIC Z Ro,O
ef30 [8 ext ]+'--2 aBoz(r, z) ,
Yo mc r Ro,O
where use has been made of aB~~t/8z = 8B~;iar.
In obtaining the expressions for the envelope
equation coefficients given in Eqs. (A.3) and (A.4),
use has not yet been made of the explicit functional
forms of the self fields in the ring interior, or of the
influence of the thin-ring and small - vlyo as-
sumptions on properties of the self fields. Since
the ring is thin, and the self fields are weak (small
vlyo), the radial gradients of the self fields across
the minor dimensions of the ring are 'large' in the
sense that
I :1' E~,(1', z) I~ IE~r<;" z) I (A.6)
in the ring interior. Within the context of Eqs.
(A.5) and (A.6), we retain terms in Eq. (A.3) which
involve gradients of the self fields but onlit terms
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